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MATH 627, Fall 2004

1. Define the function &(-) by
k(x) =k, 0<zx <1, kiz)=ksy l<z<2.
Find the solution of the problem
—0(k(-)0u(-)) = 0in L*(0,2), u(0)=1,u(2)=0. (1)

2. Let V = {v € L*0,2) : dv € L?(0,2) and v(0) = 0}; the function k(-) is defined above.
Let F(-) € L*(0,2) and ) € R be given. Show that the function u(-) satisfies

u €V and /0 (k(z)0u(x)ov(z) + Au(z)v(x)) de = / F(z)v(z)dz , veV, (2

if and only if it satisfies the interface problem

u(0) =0, —0(k10u(z))+ Au(z) = F(x), 0<z <],
uw(17) =u(1"), kou(17) = koOu(1h),
—0(koOu(x)) + Mu(z) = F(z), 1<z<2, kedu(2)=0.

3. Nonhomogeneous Dirichlet conditions.
(a) Show the solution to

u€ H(0,0):u(0)=f1, ull)=f, —-0u=F

satisfies (2.9) where

¢ ¢
a(u,v):/ Judv dz f(v):/ Fvdx u,v € H(0,0) ,
0 0

and
K ={ve H(0,0):v(0) = fi,v(f) = fo} .
(b) Show that the set K is the translate of the subspace H}(0,#) by the function
up(z) = (b —z)fi /L +xfo/l,

and this variational inequality is equivalent to

ueK:a(u,0)=f(p), ¢eH 0.
(c¢) Show this problem is actually a “linear” problem for the unkown w = u — ug in the
form
w € Hy(0,4) : a(w,p) = f(¢) —aluo, ) , ¢ € Hy(0,4)

and thus it is well-posed by the Lax-Milgram Theorem 2.2.



