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DFT & Aliases

Unit II:  Signal Filtering to Rt

Reduce Noise N ™S ™

a | S Y

Unit lll: Fast Fourier
Transform (FFT)
(on request)




Problem: Speed Up the DFT

DFT’s One Complex Number Z

’
Y, = — 7 DFT 1
f mzk: Yk (DFT) (1)
Z = 0<nk<N-1 2)

@ ~ N? complex mults & adds (geometric)
@ FFT: 1965, Cooley & Tukey; 1942, Danielson & Lanczos; Gauss

@ e 2m/N periodic = N> — Nlog, N

@ 100 x for N = 1000; full day — 15min




FFT: Trig = Economy

@ Z™[= ((Z)")¥] = expensive & repetitive (n, k) vary

@ Eg. N =8, 2Z=1) only 4 independent Z’s:

Yo = 2%+ 2%+ 20+ 2+ 2%+ 225+ 22 e + 2% 1
Yi = 2%+ 20+ 220+ 2+ 2+ 2P s+ 2P s+ 27 s

Yo = Z2%+Z2Pn+Z o+ 2P s+ Z2 ya + 2% + Z'%y6 + 2y,
Vs = Z%+Z2n+Z22 o+ 22 s+ 2P + 20 + 2% + 2% y7
Yo = Z% +Z% + 2% yo+ 225 + 2%y + 20 + Z%ys + 2%y,
Y5 _ ZOyO+ZSy1 +Z10y2+Z15y3+220y4+225y5+230y6+235y7
YG _ ZOyO+ZGY1 +Z12y2+Z18y3+224y4+230y5+236y6+z42y7

Y; = 2%+ Zp+ 2%+ 2%y + 2%y + 2%y + Z%ys + 2%,
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4 Ops)
lting DFT (6
Resu
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FFT: As Sums & Differences of Measurements

Yo = Z°00+Ya) + 220 + v5) + Z°(v2 + ¥6) + Z0(ys + y7)
Vi = 2200 —ya)+Z' 01— y5) + Z22(ve — ¥6) + Z2(ys — y7)
Yo = Z°00+ya)+ 220 +ys) — Z°(ve + v6) — Z2(ys + y7)
Ys = 20— ya) + 2 —ys) — 2202 — v6) + Z'(ys — y7)
Yo = Z°%00+ys) =20 +ys) + Z°(y2 + v6) — Z°(vs + y7)
Ys = Z°06—ya) — Z' (1 — y5) + Z2(e — ¥6) — Z°(ys — y7)
Yo = Z°Uvo+ys)— 221 +ys) — Z°(va + v6) + Z2(ys + y7)
i = 200 —ya) =220 — ) = Z2 (e — ¥6) — Z' (¥ — y1)
Yo = Yo

¢ NB: repeating factors: (y, + y;) = Butterfly Op



Basic Butterfly Operation

Left Wing — Right Wing y 4




Butterfly Operation on Four Data (64 ops — 24 ops)

sk (Votye)+Z° (y2+ys Yo =(yo+va) + (v2+y6)+(y1+ys) + (vs+y7)
ZO

Z° (y1+vs)+Z° (ys+y7)

ya+ve Z° (vo+ya)—Z0(v2+ve Yz =(yo+ya) — (y2+ve)+Z*(v1+ys)—Z> (vs+yr)
>>z2

(y1+ys)—Z°(ys+yr)

/(Yo—Y4)+Z2 (Y2—ya)>

72 (y1—ys)+Z*(ya—y7)

72 (vo+ya)—Z*(y2—ve
#<

(y1—ys)—Z*(ya—y7)

Y =(yo+ya) + (v2+ye)—(v1+ys) — (va+y7)

Yo =(yo+ya) — (y2+ye)—Z> (y1+ys)+Z* (ys+y7)

Y1 =(vo—ya)+Z%(v2—vye)+Z" (v1—ys)+Z° (ys —y7)

Y5 =(yo—ya)+Z*(y2—ye)—Z' (v1—ys)—Z*(ya—y7)

Y3 =(yo—ya)—Z*(y2—ye)+Z’ (y1—ys)+Z' (vs—y7)

Y7 =(yo—ya)—Z*(y2—ye)—Z° (y1—ys)+Z* (ya—yr)




Bit Reversal: Order0-7 — 0,4,2,6,1,5, 3, 7

Binary-Reversed 011

Dec
Dec Dec Binary Reversed Rev
Dec Binary Reversed Rev 0 0000 0000 0
0 000 000 0 1 0001 1000 8
1 001 100 4 2 0010 0100 4
2 010 010 2 3 0011 1100 12
3 011 110 5 4 0100 0010 2
5 0101 1010 10
4 100 001 1 6 0110 0110 6
S 101 101 S 7 0111 1110 14
6 110 011 3 8 1000 0001 1
. 11 111 7 9 1001 1001 9
10 1010 0101 5
11 1011 1101 13




Reversed Input — Ordered Output

Yo Yo+va (yo+ya) + (v2+ys) Yo =(vo+va) + (v2+vs)
+(y1+ys) + (va+y7)

2K
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70 (yo—ya)+Z%(y2—ys) Y1 =(vo—ya)+Z*(y2—ys)
+Z" (y1—ys)+2Z° (ys—y7)
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2+ye 2 _ 0 Y2 =(v0+ys) — (y2+ya)
72 (votva) — (v2+ys) 7 2 =(Yo+va y2+y
+2%(y1+ys)—Z (y3+y7)

N

>
>

Y3 =(yo—ya)—Z*(ya—vs)

2
2—Ye (yo—ys5)—Z*(y2 173 (y1—y5)+Z (ya—y7)

<

1+vs (y1+ys) + (va+yr Y4 =(yo+va) + (v2+ye)

—(y1+ys) — (ys+y7)

pre
<

2
7° (y1—y5)+Z3(vs—y7) 3 Y5 =(yo—ya)+Z*(y2—ys)
—Z' (y1—ys)—Z° (ya—yr)
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Vs stY7 Y2 (yi4ys) — (vat+ye) Ye =(yo+ya) — (y2+ve)
NF /\ 22 (71 +ys)+ 2 (vahyr)
y7/\ys—yv (v1-y8)—Z%(ys—y7) Y1 =G0z ve)~2(zve)

—Z8(y1—ys)+Z" (ya—y7)




Implementation

FFT.java, python

@ First FFT: Brenner, 1967 Fortran |V, ??
@ Program: 16 complex data points; Reorders via bit reversal

@ Four butterfly ops; 1-D array for speed

@ Look at program!




Exercise

@ Compile, execute rrr. java; understand output

@ Invert output and compare

© Compare FFT to DFT for precision and speed




